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Abstract
Using the ‘multiplied’ version of Helly’s theorem given by Barany (Discrete Math. 40 (1982)
141{152) we generalize some selection and separation results obtained in Behrends and Nikodem
(Studia Math. 116 (1) (1995) 43{48), Nikodem and Wasowicz (Aequationes Math. 49 (1995)
160{164) and Wasowicz (J. Appl. Anal. 1 (2) (1995) 173{179). In particular, it is shown that if
three set-valued functions 1; 2; 3 : I ! cc(R) satisfy the condition i(tx+(1−t)y)\[tj(x)+
(1− t)k(y)] 6= ; for all x; y2 I; t 2 [0; 1] and every permutation (i; j; k) of the set f1,2,3g then
at least one of them has an ane selection. c© 2000 Elsevier Science B.V. All rights reserved.
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The ‘multiplied’ version of Helly’s theorem, given by Barany [1], states that if
K1; : : : ;Kn+1 are families of convex compact sets in Rn such that K1 \    \Kn+1 6= ;
for each choice of K1 2K1; : : : ; Kn+1 2Kn+1, then at least one of these families has
a nonempty intersection. Helly’s theorem, or its consequence | Santalo’s theorem on
common transversal, were used in [2,3] to obtain some selection and separation results.
The aim of this note is to show that those results can be generalized by using Barany’s
theorem instead of the original Helly’s one.
We begin with a slight modication of Barany’s theorem. Recall that a family of
sets K is called centered if each nite subfamily of K has nonempty intersection.
Lemma 1. Let K1; : : : ;Kn+1 be nonempty families of convex sets in Rn such that
for any choice of Ki 2Ki (16i6n+ 1) the intersection
Tn+1
i=1 Ki is nonempty. Then
at least one of these families is centered.
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Proof. Suppose, contrary to our claim, that for every i2f1; : : : ; n + 1g there exists a
nite subfamily K0i of Ki such that
\
K0i = ;: (1)
Consider all possible ways of choice of sets K 01 2K01; : : : ; K 0n+1 2K0n+1 and for each
such a choice select a single point in the intersection K 01 \    \ K 0n+1. Let F be the
(nite) set of all selected points and for each member K 0i 2K0i (16i6n + 1) let
K 00i =conv(K
0
i \F). Of course, these sets are convex and compact (as convex hulls of
nite sets). Denote by K001 ; : : : ;K
00
n+1 the families of the sets dened above. Since for
any choice of K 00i 2K00i (16i6n+ 1) we have
K 001 \    \ K 00n+1 = conv(K 01 \ F) \    \ conv(K 0n+1 \ F)
 conv(K 01 \    \ K 0n+1 \ F) 6= ;
it follows, by Barany’s theorem, that
T
K00i0 6= ; for some i0 2f1; : : : ; n + 1g: Conse-
quently,
T
K0i0 6= ;, which contradicts (1).
As a consequence of the above lemma, we obtain an extension of the known theorem
of Santalo [4] concerning common transversals for parallel segments in R2:
Corollary 1. Let S1;S2;S3 be three families of compact segments parallel to Y -axis
in R2. If each three segments S1 2S1; S2 2S2; S3 2S3 admit a common nonvertical
transversal; then for some i0 2f1; 2; 3g there is a nonvertical transversal common to
all members of Si0 :
Proof. For each Si 2Si (16i63) denote by KSi the set of all points (; )2R2 such
that Si is intersected by the straight line y= x+: Obviously the sets KSi are convex
and, by assumption,
KS1 \ KS2 \ KS3 6= ;
for every choice of Si 2Si (16i63): By Lemma 1 there is an i0 2f1; 2; 3g such
that the family fKS : S 2Si0g is centered. Supposing that Si0 contains two distinct
members S; S 0 (otherwise the conclusion holds trivially) it is readily veried that the
set KS \ KS0 is compact, therefore
TfKS : S 2Si0g 6= ;. If (0; 0)2
TfKS : S 2Si0g,
then the straight line y = 0x + 0 meets all members of Si0 .
Given a normed space Y we denote by cc(Y ) the family of all nonempty compact
convex subsets of Y . The main result in [2] can be extended as follows:
Theorem 1. Let D be a nonempty subset of a set X; (Y; jj  jj) be a normed space and
for each i2f1; : : : ; l + 1g i : D ! cc(Y ) be a set-valued function. Assume that W
is an l-dimensional subspace of the vector space of all functions from X to Y and
D has enough points for f=D = 0 to imply f = 0; for each f2W . If for every l+ 1
points x1; : : : ; xl+1 2D there exists an h2W such that h(xi)2i(xi); (16i6l + 1);
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then for some i0 2f1; : : : ; l+ 1g there exists an h2W such that h(x)2i0 (x) for all
x2D:
Proof. For each index i2f1; : : : ; l + 1g and any point x2D put Ki(x) = fh2W :
h(x)2i(x)g and denote by Ki the family fKi(x): x2Dg: The sets Ki(x) are convex
and, by assumption, K1(x1) \    \ Kl+1(xl+1) 6= ; for arbitrary x1; : : : ; xl+1 2D: By
Lemma 1 there exists an i0 2f1; : : : ; l + 1g such that the family Ki0 is centered.
Arguing in the same way as in [2], we show that
T
Ki0 6= ;, which completes the
proof.
Similarly as in [2], as immediate consequences of the above theorem, we can obtain
results concerning constant, linear, ane and polynomial selections. For instance, using
the fact that the space of all ane functions h : Rk ! Rr is (k + 1)r-dimensional, we
get the following corollary.
Corollary 2. Let D be a k-dimensional set in Rk and i :D ! cc(Rr) (16i6
(k+1)r+1); be given set-valued functions. If for arbitrary points x1; : : : ; x(k+1)r+1 2D
there exists an ane function h : Rk ! Rr such that h(xi)2i(xi) (16i6
(k + 1)r + 1); then for some i0 2f1; : : : ; (k + 1)r + 1g i0 has an ane selection.
The next theorem generalizes a result presented in [5] on the existence of an ane
selection for a given set-valued function.
Theorem 2. Let I R be an interval and 1; 2; 3 : I ! cc(R) be set-valued func-
tions satisfying
i(tx + (1− t)y) \ [tj(x) + (1− t)k(y)] 6= ; (2)
for all x; y2 I; t 2 [0; 1] and all permutations (i; j; k) of the set f1; 2; 3g. Then there
exists an i0 2f1; 2; 3g such that i0 has an ane selection.
Proof. In view of Corollary 2 it is enough to show that for all x1; x2; x3 2 I there exists
an ane function h : R! R such that
h(xi)2i(xi) (16i63): (3)
Fix x1; x2; x3 2 I and assume that x16x26x3: If these points coincide, then by (2) with
t = 1, we get i(xi) \ j(xj) 6= ; for all i; j2f1; 2; 3g: Hence
1(x1) \ 2(x2) \ 3(x3) 6= ;
and consequently, there is a constant ane function satisfying (3).
Now assume that x1<x3 and let x2 = tx1 + (1− t)x3 with some t 2 [0; 1]: By (2) we
have
2(x2) \ [t1(x1) + (1− t)3(x3)] 6= ;:
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Fix a point z belonging to this intersection. Then z 22(x2) and z= tz1 + (1− t)z3 for
some z1 21(x1) and z3 23(x3): Let L be the straight line passing through (x1; z1)
and (x3; z3) and h be the ane function with graph L. Then
h(x2) = h(tx1 + (1− t)x3) = th(x1) + (1− t)h(x3) = tz1 + (1− t)z3 = z
Thus, h satises (3) and the proof is complete.
Finally, we present a reformulation of the above theorem which can be compared
with the separation theorem presented in [3].
Theorem 3. Let I R be an interval and fi; gi (16i63) be real functions dened
on I satisfying the following conditions:
(i) fi(x)6gi(x) for each i2f1; 2; 3g and any x2 I:
(ii) fi(tx+ (1− t)y)6tgj(x)+ (1− t)gk(y) for each permutation (i; j; k) of f1; 2; 3g;
any x; y2 I and t 2 [0; 1]:
(iii) gi(tx+(1− t)y)>tfj(x)+ (1− t)fk(y) for each permutation (i; j; k) of f1; 2; 3g;
any x; y2 I and t 2 [0; 1]:
Then for at least one index i0; there exists an ane function h : I ! R such that
fi06h6gi0 on I .
Proof. Put i(x)=[fi(x); gi(x)]; for x2 I and 16i63. By (ii) and (iii) the set-valued
functions i (16i63) satisfy (2). Hence, in view of Theorem 2, there exists an
i0 2f1; 2; 3g such that i0 has an ane selection h. This means that
fi0 (x)6h(x)6gi0 (x); x2 I
which was to be proved.
As an immediate consequence of the above theorem we get the following stability
result of Hyers{Ulam type. It extends the result on the stability of ane functions
presented in [3].
Corollary 3. Let f1; f2; f3 be real functions dened on an interval I R and  be a
positive constant. If
jfi(tx + (1− t)y)− tfj(x)− (1− t)fk(y)j6 (4)
for all x; y2 I; t 2 [0; 1] and all permutations (i; j; k) of the set f1; 2; 3g; then for at
least one index i0 there exists an ane function ’ : I ! R such that
jfi0 (x)− ’(x)j6=2; x2 I: (5)
Proof. Put gi = fi + ; i = 1; 2; 3. From (4) it follows that the functions fi; gi
satisfy the assumptions of Theorem 3. Hence, for some i0 2f1; 2; 3g there exists an
ane function h : I ! R such that fi06h6fi0 + . Putting ’(x) = h(x) − =2; x2 I ,
we get (5).
M. Balaj, K. Nikodem / Discrete Mathematics 224 (2000) 259{263 263
References
[1] I. Barany, A generalization of Caratheodory’s theorem, Discrete Math. 40 (1982) 141{152.
[2] E. Behrends, K. Nikodem, A selection theorem of Helly type and its applications, Studia Math. 116 (1)
(1995) 43{48.
[3] K. Nikodem, S. Wasowicz, A sandwich theorem and Hyers{Ulam stability of ane functions,
Aequationes Math. 49 (1995) 160{164.
[4] L.A. Santalo, Complemento a la nota: Un teorema so^bre conjuntos de paralelepipedos de aristas paralelas,
Publ. Inst. Mat. Univ. Nac. Litoral 3 (1942) 202{210.
[5] S. Wasowicz, On ane selections of set-valued functions, J. Appl. Anal. 1 (2) (1995) 173{179.
